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Coastal Engineering
Technical Note

ONE-DIMENSIONAL WAVE-CURRENT INTERACTION

by Jane McKee Smith

PURPOSE

To describe the theory and a computer program for calculating the wave height, wavelength, and
wave steepness for monochromatic waves interacting with a uniform current for a one-dimensional channel.

BACKGROUND

Ocean waves entering an inlet against an ebb current steepen (wave height increases and wavelength
decreases) and can pose a hazard to navigation and dredging operations. On a flood current, wave steepness
decreases (wave height decreases and wavelength increases). Design or modification of inlet channels
requires consideration of wave-current interaction. Information presented in this Coastal Engineering
Technical Note (CETN) may assist engineers in understanding and quantifying navigable conditions at
existing inlets, and in making modifications to channels and jetties that might alter the current and waves in
the entrance channel.

ASSUMPTIONS

This CETN treats the situation of one-dimensional wave-current interaction, which is a reasonable
approximation for narrow inlets. Figure 1 shows a schematic of an idealized inlet configuration. The waves
are propagating parallel to the channel and the current is either flowing in the same direction as the waves
(+U) or opposing the waves (-U). In the ocean region offshore of the inlet, the current is assumed
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Figure 1. Schematic for wave-current interaction calculation
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to be negligible. Wave shoaling is included in the approach given in this CETN, but refraction is neglected.
Wave breaking due to depth and wave steepness are estimated using Miche’s (1951) cniterion.

Assumptions are summarized below:

. Monochromatic waves.
. Depth-uniform current.
Linear wave theory.
One-dimensional wave, current, and bathymetry variations (parameters vary only
in the cross-shore direction).
Depth and current vary gradually through the channel.
Breaking is represented by Miche’s (1951) criterion.
. The current is not altered by the waves.
. The current is negligible in the offshore (input) region.
Refraction is neglected.
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In field situations, wave refraction, irregular waves, and nonuniform currents will influence the results.
METHODOLOGY

The dispersion relationship for waves and currents traveling in the same direction or directly
opposing each other is (Jonsson 1990, and others):

w - kU = \/gk tanhkh 1)

where w is angular frequency, k is wave number, U is current velocity, g is gravitational acceleration, and 4 is
water depth. The wave period (7 =2 7/w) is assumed to remain constant as the wave propagates from still
water onto the current. For the situation where U= 0, Equation 1 reverts to the standard dispersion equation.
Wave blocking (stopping of waves by an opposing current) occurs for relatively strong ebb currents for which
there is no solution for Equation 1 ({U>(g7)/(8 7 in decp water and |{U}>(gh)* in shallow water). The
strong current prevents the wave from propagating through the channel, and wave energy is dissipated by
breaking.

Using k calculated from Equation 1, the wavelength is given by:

- 2r
L=— 2

In shallow water, Equation 1 reduces to:
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and Equation 2 becomes:
L=({U+ghT @)
Wave height is determined from the conservation of wave action (Jonsson 1990, and others):
EC, + U
O e ) 5)
ox W,

where E is wave energy, C,, is relative group velocity of the waves, x is wave propagation direction, and w, is
relative angular frequency. The subscript r represents variables measured relative to the current, i.e.,
variables in a coordinate system moving with the current. Wave energy is determined from linear theory as:

1
E=2 pgH® (6)

where H is wave height and p is water density. Relative angular frequency is given by:

»_ = ygk tanhkh ™

Equation 7 is similar to Equation 1 for the situation of U=0, but its application is different. Equation 7 is
used to solve directly for w, with the value of k determined from Equation 1. The relative group velocity is
given by:

w
C = l L1111+ _EIL (8)
& 2 k sinh2kh

Applying Equation 5 between an offshore Region 1 where the current is negligible and a Region 2 in the
channel (which may have a different depth and current) gives:

B
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Solving for the wave height in Region 2 gives:
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where C =ark is the wave celerity. The second expression on the right-hand side of Equation 10 for H, is
obtained by substituting @, =@,=w,,+k, U,. If Regions 1 and 2 are both in shallow water, Equation 10
reduces to:

(11)

COMPUTER PROGRAM

The interactive FORTRAN program wcld32 solves Equation 1 by Newton-Raphson iteration to
calculate the wave number. The wave height is calculated from Equation 10. The maximum wave height is
limited by (Miche 1951):

H_, = 0.14 L tanhkh 12)

In deep water, Equation 12 reduces to a maximum wave steepness H,,,/2=0.14, and in shallow water, it
reduces to H, . =0.88h. Breaking in the program output is denoted with a “B.” Research to improve the
criterion for wave breaking on a current is in progress in the Coastal Inlets Research Program.

Example program results are shown in Figure 2. The figure illustrates the increase in wave steepness caused
by an increasing ebb current and a decreasing depth. The initial wave conditions are H=2.0mand T’=8 s at
an offshore depth of 15 m. As the ebb current increases, the wave height increases and wavelength
decreases, resulting in increased wave steepness. Wave blocking occurs between water depths of 4 and 5 m
for an ebb current of -3.0 m/sand T7=8 s.

An executable version of the wave-current interaction program is available for 32-bit PCs (running Windows
95 or Windows NT). The file name is wcld32.exe. An example application of the program is shown below.
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Figure 2. Wave steepness for a 2-m, 8-s wave approaching and entering a 4-m-deep channel as a function of
current velocity in the channel

EXAMPLE APPLICATION

Inlet “A” is the site of numerous accidents, causing vessel damage and potential loss of life, because
of steep and breaking waves in the inlet entrance. Inlet A is long and narrow. The maximum operational
navigation condition for this Pacific Coast entrance is H=5m and T= 15 s in a depth of 15 m. The program
wcld32 is used to evaluate some initial alteatives for improving navigation at the entrance. The existing
conditions in the entrance are a depth of 6 m and maximum ebb current of -1.0 m/s. Improvement options
include increasing the channel depth to 10 m or 13 m. Widening of the channel could also reduce the
maximum ebb flow to approximately 0.5 m/s.

PROGRAM we.f v.2.0,25 Feb 1997

we f calculates the height, length, and steepness for waves propagating from
the ocean (negligible current) into a channel with an ebb or flood current
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input wave height (H), period (T), and depth (h) in the ocean
free format: H in meters, T in seconds, and h in meters
5.0,15.0,15.0

input depth (h) and current velocity (U) in the channel

free format: h in meters and U in meters/second (-ebb, +flood)
6.0,-1.0

T(s) h(m) U(m/s) Hm) L(m) HL C(@m/s) Cr(m/s)
150 1500 .00 500 1738 .0288 11.59 1159
150 6.00 -1.00 503 973 0517 649 749 B

enter y to run another case or enter q to quit
y

The results are tabulated on the screen and written to an output file we.out. The first line is the input
conditions and the second is the output. Results for project alternatives are given below:

Existing conditions:
T(s) h(m) U(m/s) H(m) L(m) HL C@m/s) Cr(m/s)
150 15.00 00 500 1758 0288 1159 1159
150 €00 -100 503 913 0517 6.49 749 8

Option 1 (channel depth of 10 m):
T(s) h(m) U(m/s) H(m) L(m) HAL Cms) Cr(m/s)
150 1500 .00 500 1738 .0288 11.59 11.59
150 1000 -1.00 6.14 1280 0480 853 953

Option 2 (channel depth of 13 m):
T(s) h(m) U@/s) H(m) L@m) H/L C(m/s) Cr(m/s)
150 1500 .00 5.00 173.8 .0288 11.59 11.59
150 13.00 -1.00 576 1464 .0394 9.76 10.76

Option 3 (channel depth of 13 m and reduction of ebb current to -0.5 m/s):
T(s) h(m) U(m/s) H(m) L(m) HL C(m/s) Cr(m/s)
150 1500 .00 5.00 1738 .0288 11.59 11.59
150 13.00 -50 543 1547 .0351 1031 10.81

The initial conditions include high wave steepness (H/L = 0.052) and breaking waves in the entrance.
Deepening the channel decreases the wave steepness (H/L decreases by 24 percent for deepening the channel
to 13 m) and ehiminates breaking. Reducing the ebb current further reduces the wave steepness. This simple
example only examines one component of the potential project (wave steepness and breaking). In a detailed
study, the impacts of increased wave energy in the harbor, increased wave heights in the inlet, and changes in
scour/deposition in the channel would also be investigated. More advanced numerical or physical modeling
may be used to optimize the plan, accounting for three-dimensional bathymetry and irregular, directional
waves.



CETN IV-9
(6/97)

ADDITIONAL INFORMATION

For further information, contact Jane McKee Smith, U.S. Army Engineer Waterways Experiment
Station, Coastal and Hydraulics Laboratory, at (601)634-2079, FAX (601)634-4314, or
Jm.smith@cerc. wes.army.mil.
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PURPOSE: The Coastal Engineering Technical Note (CETN) herein provides a method to
estimate wave breaking on an opposing current, such as at coastal inlet entrances.

PROBLEM: Waves propagating into a tidal inlet will shoal and break because of changes in
water depth, focusing by shoals, and interactions with an opposing (ebb) current. On an ebb
current, waves steepen because their height increases and length decreases. The wave steepening
can intensify wave breaking, causing a navigation hazard and inducing a wave-driven current and
sediment transport. Most wave-breaking criteria are based on a maximum ratio of wave height to
water depth. But, in regions where waves break because of steepening on an ebb current, the
height-to-depth criterion may significantly underestimate wave breaking and overestimate wave
height.

CETN IV-9 (Smith 1997) describes the process of wave-current interaction in one dimension and
gives the equations for calculating wave-height transformation on an ebb (opposing) or flood
(following) current. Extending the discussion in CETN IV-9, the present CETN provides
guidance on estimating wave breaking that may occur as waves transform on an opposing current.
Before the method for calculating breaking is described, the governing equation, wave-action
conservation, is reviewed (see also CETN 1V-9), and wave shoaling on a current is discussed.

CONSERVATION OF WAVE ACTION: Wave height in the presence of a current is governed
by the conservation of wave action (Jonsson 1990, and others). The one-dimensional
conservation of wave action equation is given by:

3 [ E(C, +U)

2 -2 n
ox ® o,

r

where
x = horizontal coordinate direction (assumed to be the direction of wave
propagation)
E = wave energy (energy is proportional to wave height squared)

C,, = group velocity relative to current

U = current velocity
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T, = angular frequency relative to the current
D = dissipation because of wave breaking

(Other source terms, such as atmospheric input and bottom friction, are neglected here because
propagation distances are relatively short, on the order of a few miles or less.)

Consider the situation where waves are traveling into a tidal inlet (in the +x direction) and are
opposed by an ebb-tidal current flowing out through the inlet (in the -x direction). As the waves
propagate from the ebb shoal into the inlet channel, the ebb-current speed increases (where the
flow is confined in the inlet opening), and the wave-current interaction reduces the relative group
velocity and increases the relative angular frequency. Thus, the term (C,, + U)/T, decreases in
size. To balance this decrease, the energy E increases through shoaling, and/or the excess energy
is dissipated through wave breaking. The depth within the inlet channel may be as great or
greater than the ebb shoal, but the wavelength decreases because of the interaction with the
opposing current (see CETN IV-9). If the wave dissipation is neglected or underestimated, the
wave energy predicted by Equation 1 grows unrealistically large in the inlet. Thus, a method for
estimating wave breaking on an opposing current is required.

The discussion of the one-dimensional wave-action equation illustrates the process of wave
shoaling on a current, but for general inlet wave-transformation problems, solution of the two-
dimensional wave-action equation with refraction is required (see, e.g., Smith, Militello, and
Smith 1998 and Holthuijsen, Ris, and Booij 1998). Details on calculating the relative group
celerity and relative angular frequency to solve the one-dimensional problem (Equation 1) are
given in CETN-IV-9 (Smith 1997).

BREAKING CRITERIA: Miche (1951) specified the maximum monochromatic wave height as
a function of wavelength and water depth:

H,_.. =0142Ltanhkd )

where
H = wave height

L = wavelength

k = wave number (k= 2m/L)

d = water depth
In deep water, Equation 2 reduces to a maximum wave steepness H,,,/L = 0.142, and in shallow
water, it reduces to a maximum height-to-depth ratio H,,,/d = 0.88. This criterion is powerful
because it includes both the impacts of depth- and steepness-limited breaking. Equation 2 is

implemented as the monochromatic breaking criterion in the one-dimensional wave-current
interaction program presented in CETN IV-9.
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In the field, waves are irregular, and there is a distribution of wave heights and wave periods.
Because of the wave-height variability, many definitions of wave height (statistical and spectral)
are possible and are used according to the particular application, such as follows:

H, the mean wave height.

H, ;, the significant wave height (average of the highest one-third of the wave heights).
H,,, the zero-moment wave height (based on the energy in the wave spectrum).

H,,,, the average of the highest one-tenth of the wave heights.

H,,,, the average of the highest one-twentieth of the wave heights.

H,, ., the average of the highest one-hundredth of the wave heights.

Equation 2 was developed for monochromatic waves; thus, it may overpredict or underpredict the
wave height (depending on the definition) for irregular waves.

The Coastal Inlets Research Program is evaluating and developing methods to estimate wave
conditions in coastal inlets. A product of this effort has been evaluation of breaking criteria based
on laboratory data collected in an idealized 1:50-scale inlet model (Smith et al. 1998). The
idealized inlet was an opening in a straight beach with rock jetties. The offshore bathymetry was
parallel to the straight shoreline, except for an ebb shoal, symmetric about the inlet center line.
Water was pumped through the bay area to simulate ebb current through the inlet. The scaled
wave conditions were H,,, = 3 to 13 ft (0.9 to 4.0 m) and peak period 7, = 5 to 12 sec; the scaled
inlet/ebb-shoal water depths were d = 9 to 20 ft (2.7 to 6 m); and the scaled current velocities
were U = 0 to -7.2 ft/sec (0 to -2.2 m/sec) (negative velocity denotes a current opposing the
waves). From this laboratory data set, the following breaking criteria were determined:

H =0.07L tanh kd 3)
H o = 0.10L tanh kd (4)
Hi3=0.10L tanh kd (5)
H, o =0.12L tanh kd (6)
Hi/20= 0.13L tanh kd (7)
Hi/100 = 0.15L tanh kd (8)

These criteria represent a maximum value of the wave statistic, based on the local wavelength and
water depth. These equations were determined from an average of the highest 10 percent of the
parameter H/(L tanh kd) (where H is defined as each of the wave-height parameters given in
Equations 3-8) measured for 47 irregular laboratory wave conditions at 12 inlet/ebb-shoal wave
gauges. The breaking-wave heights, especially the higher wave heights, are not well represented
by the Rayleigh distribution. Additional discussion of wave breaking on a current and methods to
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calculate wave-dissipation rates are given by Ris and Holthuijsen (1996) and Smith, Resio, and
Vincent (1997).

Current does not appear explicitly in Equations 3-8 for calculating wave breaking on a current.
Instead, current enters through changes in the wavelength in the equations. The ebb current
steepens the waves, which induces breaking. For flood current, the wave steepness is reduced,
and breaking and dissipation are decreased. The equations are applicable to breaking with or
without current. Wave height is determined by limiting the maximum transformed wave height
(e.g., calculated using Equation 1 with D = 0, the one-dimensional model given in CETN IV-9, or
a two-dimensional model) to the value given by the appropriate breaking criterion (Equations 3-
8).

EXAMPLES AND DISCUSSION: The wave-current interaction PC program presented in
CETN IV-9 has been modified to represent irregular waves as well as monochromatic waves. For
irregular waves, the input wave condition is a significant wave height (H,,, or H,;), and the
breaking criterion applied is Equation 4 (or 5). The option remains to model monochromatic
waves using the Miche criterion for breaking. An application of the program is shown in Figure 1
and discussed in the following example.

Example 1

Waves approach an inlet entrance on an ebb current. The channel is long and narrow (thus the
one-dimensional assumption is valid). The wave height and the wave steepness in the inlet
channel are required to evaluate navigation safety.

Find: H, , H,,,,, and wave steepness for irregular waves entering a long, narrow inlet channel on

mo?

an ebb current.

Given: Offshore wave height H,,, = 8 ft, and peak period is 6 sec in a water depth d = 40 ft. Inlet
channel depth d = 8 ft, and the ebb current speed is U = 4 ft/sec.

Figure 1 shows the user interface for the one-dimensional wave-current interaction program. The
input conditions given above have been entered, and the output breaking wave height in the throat
is given by the program as H,,, = 4.2 ft. If the waves are breaking (“yes” flag printed in the last
output column), Equations 3 and 6-8 can be used to estimate other wave-height statistics using
the wavelength given in the program output (L = 64 ft). For example, H,,, is estimated as

2
Hyj00 = 015Ltanh kd = 0.15(64)tanh(6—28j = 63ft

Most often, the significant wave height is used in wave transformation studies, but if considering
navigation safety or other aspects of design, the higher waves may be of greater interest. The
wave steepness is given in Figure 1, based on H,,, as 0.0656. Based on H,,,,, the steepness is
0.0984 (= 6.3 {t/64.0 ft).

0°
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Wave Current Interaction Done
Input
— Units Save
* American customary ° Metric Help
—Wave Type
o Monochromatic ¢ Irregular
-Offshore — At Inlet
Wave height (ft): 8.0 C « Ebb © Flood
Wave period (s): 6.0 urrent 00
Water depth (ft): 40. Ebb Current (ft/s): 4.0
Current * Ebb ° Flood
Speed (ft/s): 0. Water depth (ft): 8.0
— Output

Keep T(s) d(ft) U(ft/s) H(ft) L(ft) H/L C(ft/s) Cr(ft/s) break
6.0 40. N/A 8.00 167.1 .0479 27.85 27.85
6.0 8.0 -4.00 4.20 64.0 .0656 10.67 14.67 yes

Figure 1. One-dimensional wave-current interaction program input and output

Example 2

This example presents results for two wave/current conditions from the idealized inlet laboratory
study. The data have been converted to prototype (field) scale in the figures, using a scale of
1:50. Figure 2 shows a one-dimensional slice of the bathymetry from the deep offshore section

near the wave generator (x = 0 ft) to the outer edge of the ebb shoal (x = 1,000 ft) and between
the jetties (x = 1,500-2,500 ft).
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Figure 2. Depth profile for Example 2 scaled laboratory case

Find: H,, across the ebb shoal and between the jetties.

Given: Incident wave conditions of H,,, =9 ft, and 7, = 10 sec and 5 sec; maximum ebb current
U = -6 ft/sec, and bathymetry given in Figure 2.

The wave heights were modeled by applying one-dimensional wave-current interaction using the
incident wave condition (where U = 0) and local measurements of water depth and current speed
at each computation point. Wave height at each point is limited by the breaking criterion given in
Equation 4. The wave-height results are plotted in Figures 3 and 4. In addition, wave height
calculated using one-dimensional wave-current interaction, but limited by applying a depth
criterion:

H,, =0.6d 9)

is also plotted in the figures for reference. Equation 9 is a typical depth-limited breaking criterion
for a spectra wave model (note that the coefficient is less than the typical monochromatic value of
0.78).

These two cases reflect weak and strong wave-current interaction. Weak interaction is illustrated
in Figure 3 with incident wave conditions H,,, = 9 ft and peak period of 10 sec and maximum
current of -6 ft/sec (negative indicates ebb flow). Wave-current interaction shoals waves with
short wave periods more strongly than waves with long periods, but depth-induced shoaling is
greater for long-period waves. The maximum velocity occurs between the jetties (x > 1,500 ft)
and decreases offshore. The wave-current interaction is weak in this case because the wave
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Figure 3. Application of breaking criteria to laboratory measurements (weak wave-current interaction)
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Figure 4. Application of breaking criteria to laboratory measurements (strong wave-current interaction)
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period is relatively long, even though the current is strong. The change in wavelength because of
the current is relatively small (about 10 percent), and thus shoaling because of wave-current
interaction is also small. For the weak interaction cases, the breaking criterion given by

Equation 4 acts much like the depth-limited criterion (Equation 9). For reference, an additional
curve is included that shows the wave-height transformation for the case where current is
neglected. Because the depth variation is relatively small, there is little wave-height variation
without wave-current interaction. But, even in the case of weak wave-current interaction, the
wave height is significantly overpredicted by neglecting the current and current-induced breaking.
In addition to wave height and breaking status, the wave-current interaction program also
provides wavelength, wave steepness (H/L), wave celerity (C), and wave celerity relative to the
current (C,). Changes in wave steepness can be used to evaluate navigability at a coastal
entrance.

Strong interaction is illustrated in Figure 4 with incident wave conditions H,,, = 9 ft and peak
period of 5 sec, and maximum current of -6 ft/sec. The wave-current interaction is strong in this
case because the wave period is relatively short and current is strong. The waves are close to
being blocked by the current. Blocking occurs if the current is so strong that it stops waves from
propagating into the inlet (there is no solution to the wave-dispersion equation) and the wave
energy is dissipated by breaking or reflected offshore. The shortening of wavelength because of
the current is significant (about 50 percent), and thus shoaling because of wave-current interaction
is also large. The waves are breaking for x > 750 ft because of steepening of the waves (solid
curve). For strong interaction cases, limiting wave height using the depth-limited criterion
(dashed curve) performs poorly (at x = 2,300 ft, the predicted wave height is 10 ft, and the
measured wave height is less than 2 ft).

ADDITIONAL INFORMATION:

For additional information, contact Dr. Jane McKee Smith, Coastal Processes Branch, Coastal
Sediments and Engineering Division, Coastal and Hydraulics Laboratory, U.S. Army Engineer
Research and Development Center, Vicksburg, MS (Voice: (601)634-2079, FAX: (601) 634-
4314, e-mail: jm.smith@cerc.wes.army.mil). This technical note should be cited as follows:

Smith, J. M. (1999). “Wave breaking on an opposing current,” Coastal
Engineering Technical Note CETN IV-17, U.S. Army Engineer Research and
Development Center, Vicksburg, MS. http://bigfoot.wes.army.mil/cetn.index.html!
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