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ABSTRACT

. The solption giver in this paper supplements standamdl gesilabic inverse

me‘bhéd‘s which fail in antipodal situations. A modification of the proposed

: formula can be used for the solution around the bacm side of the 9113 vsoxd
in ana;agﬁus cases., ‘ o




INTRGDUCTION

The Cl&bSiOal methods of solving the inve:cae geodeﬁic pm"bl.em which n
Carve ba%ed an the Besselman approach (hereaf%er refexred 10" as - &tandard

_ nethous} involve an. iterative detemination of X, ‘the' Iongﬁuzde on a con- -
h formal. spherep Tt ls well knmm %nat these methoda fall in cases which '
have been &escri‘bed as axrbipodal or nearly an%ipoﬁa,ls “*that is ‘when tbe
‘attemnted solut*on gives ﬁn& abﬁolute value of & as greatef %han 7,

Thien (1967) glves aﬁ.antipudal uolufﬁan 1imited to pexrtq on the _
equa'tor, alsc quoted by Rapp. (1975)., The method of Saite {19’2’0), avparerr‘tn -
ly designed for general use, is valid only IOI’ cases when the end poin'i:s of.
the line are 1n antipodal latitudes (¢' = - p’l)@ The proposed method ;
derive:d by rearranging certain eq_uations 0f a previous papexr (Vincenty, 19’?3),
,is completely general. It will be shewn that the aprroach on which the
'orooosed antipodal solufion is based can also be use«:‘i :for the analogous case
of solution around the back side of the ellipsoid between points which aves

close togebher..

NOlﬁIION
' a;'b;' major and minor semlaxes of the elllpsnld
~'f; B flattening ﬁ-(awb)/a. ; Co ‘
By ;_the square of second eccentr;clty = (a -b2)lbz 4
'~¢;"',- geodatic lat$tLde, positive north of the equator..<?
L, ' N difference in gPDdeth lcngltude, positive cast. . o
5#;: 4 lli;geodeelc~dlstance also. length of &my geoﬁe vl 1inm<”

Gps oy azlmuths cf the guode31c, clockwmsn from north, Gz in
- " the dvrectxon P D) proéucea T e

«, - azimuth of the geodesic at the equato1,

»1U, " .reduced’ latltude; deflncd.by tan U= (l—f) tan ¢
N f>. ‘:dlfference.ln,longi ude on an aux1llary sphere.'L”A“

,5> - '””ifanpular-dlstange P P cn the sphareg.;‘}‘=;‘ o '
 »'5m&;f.éf;xanGular dlStancL on the Ophale from.thg mxdpomnt of the rir,; -

: line tv s 1nteraegtion wlth the uqu&torr T o




' - . ANTIPODAL REGION

We consider a geodetic line starting from point Py in porthern hémi~‘
sphere 1n latitude ¢1 and in azimuth o, = ‘m/2. As we follow thia llne,u -

i 1ts a21muth changes in accordance Wlth Clalraut s equatlon i‘

cos Ui sln a, = constant _", o 1' C Vﬁil S . :1 5'-~f:¢_, {1)""“

or in this case o
&in o, = cos U /cos Uge o I f: : 274‘j R (2
The line w111 cross the equator in azmmuth o given by )

L sin o = cos U o o '51 : _ SR f':’ (3)

untll 1t reaches the antlpodal reglon at poznt P at whlch ¢ = - ¢1,‘

A=o0=m, and a, = ﬂ/Z. Up to this point this geodetic line defines the

shortest distance on the surface of tha elllps01d and it is therefore a

geod851c.' It can be shown that up to terms 1n f3 the geodetlc longztude

of this point is:

vLa =7 - f cos U ﬂ{l - -—f 8inU[4 + £(4 - 3 éinZU}}} N ()
. where 0= 1 = - Ui; This :is the. max1mum geodetic longltude of. the end
of a oeodesic whlchAstarts in a21muth oy = w/Z Now if We select point P L

. such that ¢2 ¢ or ¢2’" ¢ and ™ > L >, L " the shortest geodetic line -
"betireen P, and P, ‘must start in an azimuth dlfferent from w/2 because of the

flattening of the ellipsoid There are three p0331b111ties,
CIf ¢1 +. 4»2: > A,, nfg > oal > 0.

CIE ¢y + 9, < 0, m> 0y > W/2.

if B + ¢2 = 0,:3 = ¢ =1 and there are two sdlutioﬁs:for aziﬁdtbs..

o

',We now follow a geodet1c line starting-in"latitdde:é’ 5’0 aﬁé in-azimutﬁ e
n/Z > al

' south~easterly dlrectlon, cross ‘the equator “and contlnue Lowards the anti~"

> 0. - The line will reach its max1mum latltude, then turn in the

" podal latitude ¢ = - ¢1 We can compute polnt cooralnates along thiQ 11ne L
and v;rlfy the result& bv 1nverse solutlons u51ng standard methcds, untll f

.the llne reaches the antlpodal region at P




If ve extend this line v latitude d snd Qelmé‘u an;;% pé&‘n-t ?2' on it -
ucb tﬂaﬁ 93'2/ gf s we will find I:‘:fmu the d:u:ect camtion tha‘L A< 7 and- oL R
" in the inverse solutwn A wili oscillate ‘between values greater a,nd sma.lla,:c

‘than 7 without "°m’e35’51’1€ to any value, We can conclude that theve is & -

reﬁion wi‘thm *whir*h any’ point may- be thought of .as being aniipo&cil w}.th '
Tespect to Py, even though this is mt true in the geometrié FeNsGe ’Gho’ i
eastern hemisphere (reckoned from F. ) 4t met extend in longl 'i;txcte frem L

as given by ed. (&) to w,and it musi; be bounded by two curves symme’aric Wibh
respect to é’ , . correspondinig’ to mf2y alj - and. n}&a&t} sz:/.z«; 3
image in the was'te:m hem;.sphere follows Jogieally for values of a"; in the
third and _iqnxth.qnadrantse ~The precise Timids of the antipcda? :src-gicm
have not been established. | | :




V

" ANTIPODAL SOLUTIO.N

1f during the initial computation of A che resuTt is greater than 7 1n:}'
absolute value a dlfferent method must be used A method that works welL '
Cdn general is descrlbed below.- 4 - ‘
Use L' =7 - L 1f L >0 or L' =-7 ~L4if L < 0. Adopf é#diﬁiéiélA'
approx1mations A= 0, coszu = 1/2 cos 20 = 0, and g.= T “iﬁl %'U‘ﬁ"
" {The use of L'land X' 1nstead of L and A is de51g1ed to av01d loss of

7~81gn1f1cant flgures in aomputatlons )} Iterate tha follow1ng equatlons. 2t

‘C 6 fcos 2a[4 ¥ £(4 - 3 cos a)] 4>.'-A. ;n{:'f' ;;:ﬂ':"iff'i :2-;(5) ,‘
éos 20 = ﬁos a - 2‘siﬁ U,sin U, /cos2 :  ; B iA»': :712 ; >;'iin(6j-f'"
(l—-C) f{o + C sin o[cos 2 o *C. cos or(—l + 2 CDSZZO' )]} J ‘('7‘)'
ISJL.n.u=(L'—>L‘)/D ' S _"(..8) .
‘éin At - sin(xéinvél(cbs U,cos U 5) o . ST o ) (9)V
_’sln = (cos Uysin X')Z + (cos ﬁ sin U, + sin U cos U cos A' )2 ‘:' ;(10)

. Itération is stopped when the change in sin o from.the pfgvious value
is sméiler than a.sﬁécifiéd value. - A | ' V |
We now obtaln ) |
‘sin %3— sxna/cos Ui _ '_,' o R L ’.~{j”: .,: »V (115'
" cos q_=A*'(l _ ain?a )1/2 ‘ : o v;"f"ij ,“j:47: ﬁfia ;”;f ';(12);f@f
the 51gn of cos oz being negatlve if ' R L
cos Ulsin U + sin Ulcos U cos x'-<0°A_‘f;l ; " 1;‘?iijf.f-31:.' 'jf‘ (ié);jk*

The azimuth at P is computed by

e taﬁ-& B ' “gina L 4';_.‘__:'v;'ﬁ'3f S
- 2= —31n U sin ¢ + cos U,cos © coq “1 T S Qﬁ(lg)

The a21muth at Py _,1s best determined from 1ts tangent as glvev by

(11) and (12) Here, as in eq. (14), the 51gns of the numerator and

' of the denomlnatcr detarmine Ehe quadrantg MoSt computers can evaludte ara L '




tangent .in the proper- quadrant on this basis, making it unnecessary to. .-

do SO by program insrructionsﬁtf

LW K3

Geodesic dlstance is obtained by a ;ormuia glven ﬁy Helmert (1880)5,

nere rewrituen in a form whlch is more- convenient for use Wlth computcr5= o

(l %-e cooza)l/2 o

ll

E.

il

¥ (E-lg@pfl)

i

A=+ lﬂ)/(.ﬁ -5 '

F(l--—F2)

il

"B
Ao =B sin c{cos &0 + %-B[cos o(-1 + 2 COSdZO }

1 d o B adna’ (s 2 }
i B cos 2§m( §_+A& 91n.q)< 5 + 4 éos.ZQm)}

=bA@h-4@~a<L~fﬁm«,gA@"

'“”;<15}f
Cae

“an
1<is;

(19)

(20:). .



y

The spec1al case when ¢ = ¢1 can be solved thhout 1terat10n.

In th;s case ¢ = m and Af = g, therefore ‘we have from (8} o : :
Ly/fﬁ?i?‘sind(l ? g=q. ;., : :;., »f\;i:i'" Ifczi)f iff
SubStltﬁtlng co§2u ;'1.“ élnza Awé can erte (2¢? ;s | | S o

:_.Q = lA sino + a3 sindo + aS sin’a - .- o o o | - 1 (22)

in which

m
—_
i

. 1 - £/4 - £2/16

.flé = £2/8

-
i

a = 3216
rReversing the series, We obtain from (22) _ A
sina = b;Q + b,Q° + b.Q5 - e
iﬁ which | o ‘
b, =1+ f/4 + f?/s

by

i

l_b“' _

bs = 0

: Geodesic distance is given by L oL R
= bar = (1 - f)aAw e : - e . (2&);.’”_
1~ThlS shows that in spec1al antipodal cases when ¢2 =~ ¢, the values of

a and s do not depend on latltude but only on difference in 1ongitude‘ . '51




AHALYSIS OF ST@ILITIES

- Questions may arise as to stabllltleq of edq. (6), (8), end (12) -Theée:« -

w1ll ow be investlgated e S fi j’? L

 The seéénd téim of eq, (6) éanhof»bécbmejiﬁdéterminate,”sinée.theré are

~ no equatorial llnes in antipodsl solutionso If cos o is. very. nearly zero, - '

any exror in ¢os Zcrm is unimportanﬁ because it will vanisb sihen mul’ciplied

by the very small value of fzccs; o/ and eqe {7) will give a correct :eesultc .
In non»antipodal cases it is only necessary to exclude division by zexo, for
exanple by setting this tern & Driori tcxs ZELO and ‘t‘fmlacing it wi-bh 2 c,ompu’ced

© value i cos?a is. no-i: zero ) '

qu(S; can be written in the mathematlcally equivalent form

sin d = (A-L)/D o ST (8a)
but this would cause a loss. of significant f?gures in the result.‘ ihls »
is because at least the flrst two digits of % and of L are the same, there-
:fore the same number of dlglts would be lost in subtraction. ‘Now 1f 'we convert
L to L’ the neW'value will be correct to the ‘same number of &ec1mal places -
as used wzth L. Then At, as computed by eq. {9), w111 be given to more
significant flgures and fo moxe dec;mals than L', dnd two or more 91gnif1caut

~f1garas w1ll be galned in 81n a

EQ. (12) ‘becomes unstable as ccl apnrﬁaches + n/z. This can occur Gnly i*’w'
.“P almost coincides wl’ch P (gﬁ e s %1, T, as givrén by aqﬂt&—))s 4% which case
the alightest change .’m 'Ehs position of Pz causes a. 15,3"8‘& change irs 0,1@ Con- -
varse.by, this means: ‘l’.ha‘f; any error in o q - due ia loss of signif‘u,ance\ in comw '
hE :t*ng 5. ts cesine 'by the Pythagozean :r,omula mll na't GaUSS & larger pomtional
. exvor i:ha.n what can be expected in any. oth T case, that is~ an exror due me
. to the finita mzmbar of digita that the computer can hanﬁle..' Therefore thfs

instabi’lity of eq. (12) is ham}.ess in prac'f"ice‘ .




’ ' SOLUTION AROUND THE BACK SIDE OF THE ELLIPSOTD

A geodétic line starting ot ? in latitude 9‘1 and in azirﬁuth ay reaches -

7

%a

At thxs‘poin’c o = _la na,nd the geodetic longitude £s .

= - dl at P in azimiath such that sin cr,aA = gin oq and cos aa = - ¢OS Q.

I = (1 - £(1-C)sin a]A
= w1 - f(l-'-c')‘cos U;sin alj._‘
I we e*xtend the line in azimuth o, by geodesm distance olP s i’s o
v.ill reach poin'h Pt -where’ dt fzflg L .gLa, Gy = ags and o, = )‘- _. o, .

If ve select point B, on this line such that the spheri’cal distance
_ PlP P, is greater than Ty the geodetic lzme P P P is not a geodeszc but
a hne around the back s’-ide of ths ellipsmd The shortest 1ine.: Ple
1s a geodesic startlng in azimuth whxch in ganpral is dlfferent from
L E _ . A

'l‘he length of a geodetic line around t‘xe back side of the ellipsaid
" and the azimmths at its ends can be computed by a standard o
‘ inverse formula (e.g. Vincenty, 1975) after modifying it so that sin o
4s given a negative sign (2n (2 o> ) and the azimuths are changed by % 4
. This method fails when the two points are clOse«‘tOge"bher,‘ ﬁhafh-is. whén .
. they are 'wifhin a ce'ﬁ:ain neighborhood region, in which :ca"se A will
'”oecilla'te between a positive and a negative value. ‘When-this ha.ppens -
we ca.n obtain a solution by usmg the equations given in thio paper - w:'rbh_
o some nodlfications. As in the antipodal case, tne o'bgect is to o'b‘tain
sina 'by iterating eg, (5) o (10); however, eq. (8a) should be used |
V:Lnstead of (8), since’ . 'L and A will be closer 'to 0 than to n’, a,nd

1°

(25) '



g should be o"b’(‘;_a.ined from

sin o = (ces Ulsin A) + (cos Isin U, ~ sin Uicos U, eos k)g

The sign of cos ay. =~ . o 45 negative ir

cos Ulsin Uz.‘e» cosAUlcos -Uz»-cos l)O,' _ R R L (lja‘}

] The initlal appmximatmns fcr ‘th:x.s solution can be K = G,
»cosza. 1/2, cos 2@* 0y and o= 2m ~ }{T =0 &

1t should be noted that in general we have an infinite’ number of

geodetic lines 301n1ng two points (Helmert 1880), since we may bpe”ify

2Znw> o> (Zn - 1)n . _ . . €26y

where n denotes the number wraps around the eilipseid,: To each wvalue of n

there corresponds a different solution. ¥or the present purpose n = 1.

The imverse solution around the back side of the ellipsoid may be
verified by a.ny standard direc’c farmula.. It is of interes‘!: to note that
in the diract e.olutlon it is not necessary to spl,d; the l:me into two
or nore secticms such that each wc:ul& satisfy the cﬁc'ntion o < @ In
fact, there is no theoretical limit as to the length of the 1iné that nay
be used in the direct golution to compute. pcinﬁ coordinates on 4% as it
coqtinues armmd the ell:l.pSO"d indefinitely. In practice the llmltations
are of numerical nature.

L€



' B ~ CONFUTATIONAL EXAWPLES

Examnples of resﬁlts of -A:‘a,ntipodal and i:ack side solutions are given in
Tables 1 and 2. three decimals.of a second,
© duplicate the positions by the direct

“vhen o is equal %o

The azimuths are given to only
-Nsinée more precision is not needed ¢
solution within +0:5 mm. - or 2mor nearly so,

‘The resulﬁs_given;inv Table 1 lwerefe computed using o FORTRAN Program and

an IBM 7040/9 computer, and those of Table 2 were obtained by a Wang 720
g desk_"calculator pi'ogram. ; ‘ ' o '
‘The _foilowing:ellipsoid Parameters were used:

. a= 63783_88;000 my 1/¢ = 297,

0 -



TABLE 1.. Antipodal Solutions

41°41745V88000

©+0°00700%00000 30°00%00"00000 . 60°00100'00000

9 ,
¢i ~41 41 46:20000 ' 0.00 00.00000  ~30 00 00.00000, -59°59 00.00000 -
L~ 179 59 59.44000 179 41 49.78063 . "-179- 40 00.00000 © 179 50 00.00000 .
o 179 58 49.163 30 00 00.000 . 39 24 51.806 © 29 11 51.070
o, 0 01 10.838 1150 00 00.000 140 35 08.194 . 150 49 06.868
s 20 004 566.7228 © 19 996 147.4169 - 19. 994 364.6069 " 20 000 433.9629
TABLE 2. Back Side Solutions . -

9, 41?41*45?33600 od°oo'odzooooo ©30°00"00100000 ) 60°00 00400000
$ 41 41 46.20000 . .0 00 00.00000 - 30 00 00.00000 5959 00.00000
L 000 00.56000 0 18 10.21937 0 20 00.00000 - "0 10 00.00600
@, - 180 00 35.423 194 28'47.448 -~ 198 30 47.488 344 56 31.727
@, 180 00 35.423 194 28 47.448 © 198 30 47.488 344 56 59,622
s 40 009 143.3208

40 004 938.2722. 40 004 046.7114 40 006 087.0024

g 11.
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